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An inequality for sums of dyads and tensors*
John de Pillis

University of California, Riverside 92502
University of California, Santa Cruz 95064

ABSTRACT: Given a finite rank transformation R on
Hilbert space with dyadic sum decomposition

* Vj) — R,

then it is shown that

2 rank( R )i~ r( U )+r( V ) ~ rank( R ) + N,
where r( U ) — dim(span(ul,u2,...uN)) and

r( V ) — dim(span(vl,v2,...vN)).

Applications to sums of decomposable Kronecker products
and to sums of dyads are presented .

AMS(MOS) Primary classification 1500, 15A69
Secondary classification 47A65.
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Introduction. In previous works, relations between dyadic

and Kronecker products of vectors (definitions follow) are

explored, cf. 12), 13). In fact, consider the general situation

where finite rank linear transformation R on inf inite-dimensional

Hu bert space , H , is the sum of dyadic products. If the number

of terms of this sum is known, then these dyadic terms can be

fairly well characterized 13, Thm. 3.2). In this paper, we

consider dyadic sum decompositions for R where N, the number of

terms, is not known a priori, and present a sharp inequality

which ties together

(i) the rank of R ,

(ii) the ranks (dimension of the spans) of the dyad component

vectors , and

(iii) N, the number of distinct dyads which sum to R.

Thi. inequality proves useful for establishing necessary condi-

tions for certain special questions, e.g., when do N dyads sum

to a single ICronecker product, or when do N dyads sum to

(another ) dyad? These questions , in turn, relate to the corn-

plezity question in the computation of matrix product., cf. ,

14), (1).

2. Def initions and Preliminaries. L(H,K) denotes all bounded

linear transf ormations from Hilbert space H to Hu bert space K.

Among the elements of L(H ,K) are the 4y~4,~ 
(rank one transforma-

eions) Cx x y) def ined for each y E H , x E K by requiring that

for all z E H, (z x y):z . (z ,y)x, where C , 
) is the inner

product on H. We procs.d to give the Kr onecker or tensor product

- 
— --.— - - — - —--- .----- -.- --..--- — -_ - -
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A ® B~: First, for A E L(H,K), A*, the ~4i~~p~1~ of A, is that

element of L(K H) given by (Ay ,x> — (y,Ax) for all y E H, x E K.

As an e’~ ’iple, (x x y)* (y x x) for all dyads . E denotes the

Hilbert space of linear functional. on H. That i., for x E H,
E 1! is defined by i:y -. (y , x> for all y E H. This leads to

the definition of 4,~ 
E L(!,fl) where A E L(H ,K). In fact , for

all z E H, ~ E !, we define A
t&)(x) — ~(A(x)). Finally, for

any A E L(H~R), B E L(H2,K2) we deine the ~ J1flç~ej (or ~~~~
prp~diac~ ~~~~~ 

by A ® Bt:C -. ACB for all C E L(K2,H1).
We will use 

~~~~ 
to denote the ~jpJ~ ~~ ~ tra~p4pj~pa~igp .,~~

i.e., rk(R) is the dimension of the range of R. Also, if

U — (Xl,X2,...,XN) 
C H, then we will use ~(1J).. to denote the

ra~p~ ~j ~~~~~~~~~ ~~~~~~~~~ ~~~~, i.e., r(U) is the dimension of sj~ p~~g), the

linear span of the set U.

Before arriving at our inequality, we will be using the

following characterization of dyadic sums:

Theorem 2.1 (13, Th. 3.2)). Given finite-rank linear transforms-

tion R E L(H,K) and the set U — ~~~~~~~~~~~~~~~~~~~ C K where

the range of B. is a subspace of span (U). Assume (by re-ordering

if necessary) that the first n ‘ N elements of U form a basis

for span (U) (i.e., n — r(U), the rank of U). Accordingly the

N-n ~ 0 remaining vectors U~f15
Uflf25~~

,,UN define N-n scalars

l,2 ...n, j n+l, n+2,...,N] by the equation.

n

• .j — n+l, n+2,...N.

- -~~~ ~~
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Then for N-n arbitrary vectors (Vn+1,Vn+2,...,VN) 
C H we have

the representation

(Uj x Vj ) — B. (2.1)

if and only if each “earlier” Vi is given by

Vi 
— R*(a~) - E ~~~~~~~~~~~~~~~~~~~~~~ i — l,2 ,...,n’.r (U) , (2.2)

j n+1.

where ~~~~~~~~~~ E span <U> is the unique biorthonormal

complement to (u1,u25...,u,) in span (U) (i.e., (Q~,u~) —
the Kronecker delta). The s’~~~ tion in (2.2) is taken to be

zero in case n N.

3. The Inequality

Theorem 3.1. Given finite-rank linear transformation R E L(H,K)
and sets of vectors U — (Ul,U2,. .,UN ) C K, V — (V 1,V2 , . . . ,VN I C~ H

such that

~~~~
(uj x v i) - R .  (3.1)

i—l

Then

2•rk(R) ~ r(U) + r(V ) ~ rk(R) + N , (3.2)

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
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where rk(R) — dimension (range of R) ,  and

r(U) — dimension (span (U))

r(V) — dimension (span <v>).

Proof: By re-ordering the terms of sum (3.1) if necessary, we

will assume that the first n — r(U) elements, u1,u2,...,u~ of

U, form a basis for span (U). Thus, the ordered set V lends

itself to characterization (2.2). in fact,

r(V ) — rank(span(v1,v2,...,vfl ,vfl~1,...,v~ )) 
, (3.3)

where — R*(ai) - E~~
Wv

~, 
i — l,2,...n (from (2.2)).

j —n+l
Equivalent ly,

r(V) — rank(span(R*(Q1),R*((I~), . . .,R*((~ ) ,Vfl+lS . 0 .  

~N
>) (3.4)

The equivalence of (3.3) and (3.4) follows by observing that

each of the N vectors in (3.4) belongt to the linear span of

the N vectors in (3.3), and vice versa. From (3.4) we now

obtain

r(V) ‘ rank(span(R*(ft1),. ..,R*(~~)))+rank(span(v~~~,... ‘~N
>
~

~~rk(R*)+N-n (3.5)

— rk(R)+N-r(U)

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~ - -
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which gives us the right-hand side of inequality (3.2). Obtain-

ing the left-hand side of (3.2) is (m.diate, since from (3.1)

we deduce that span (U) ~ range R, while span (V> ) range R*

(recall (Ui X Vj)* — (Vj x Ui)). Thus, r(U) ~ rk(R) and

r (V) � rk(R*) - rk(R) implying

2•rk(R) ~ r(U) + r(V). (3.6)

Finally, (3.5) with (3.6) establishes (3.2) and the proof is

don.. U

~~ ~~~ ip is1içy~ sJ~ ri?~ The left side of (3.2) yields
equality whenever the entire N-element sets U and V are linearly
independent (i.e., when n N — rk(B)). In following the proof

of the right-hand inequality for (3.2), we observe the two

inequalities in (3.5). The first inequality yields equality if

and only if

span(ft*(ft
~
),R*(ft

~),...,R*(&~
))flspan(v

~~l,v +2,...,VN
) — (0).

That is, by choosing each of the N-n arbitrary vectors Vfl÷1,...,VN
in H outside the range of R*. The second inequality of (3.5)
becomes equality if and only if the N-n element set
(Vn $.1SVU~.2 ,I • • , VN) i. linearly independent.

4. Final R~~~rks. In 13, Th. 4.2, 4.3), it is shown that
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x Vi) R if and only if ~~~~Uj  ® Vj) — R’ (4.1)

where the passage from B. to ‘Pit is a well-defined linear relation-

ship. This provides a dual form to (3.2) with tensor products

replacing the dyads of (3.1) and this R ’ replacing R. As an

easy special case, let us use (3.2) and dyad-tensor duality to

justify the following statements for non-zero Uj, Vj, xi, Y~ 
E H,

i — 1, 2, 3.

Proposition. Suppose

(u1 X v i) + (u2 x v2) - (u3 x v3) , and (4.2a)

(x1 ® Uj) + (x2 ® y2) — (x3 0 y3) . (4.2b)

Then all the ui’s or else all the vi’s are non-zero scalar

nailtiples of each other. Similarly, all the xi’S or else all

the Yj ’S are scalar mi].tiples of each other.

Proof. Th. proof of this assertion will not appeal to the

definitions of the dyed (Uj x Vj). or of the tensor (Xj ® yj),
since inequality (3.2) applies. In fact, write (4.2a) as

(U1 X v1) + (u2 x v2) - (u3 x v3) — 0 (i.e., N — 3, R — 0) (4.2a’)

from which we obtain via (3.2) that

2’O ‘ r ((u142,u 3)) + r( (v1,v2,v3)) ‘ 0 + 3. (4.3)



--- --.~~~~~-~~~~~~~~~~
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•0
Since we have assumed no Uj or vj is zero, the ranks
r(u) , r ( v )  � 1. At the same time, the upper bound of 3 given

by (4.3) assures us that both r(u) — 2 and r(v) 2 can not

happen, i.e., at least one of the terms r(u), r(v) in (4.3)

equals one, or all the uj’S or all the Vj’S are scalar

n*iltiples of each other. By our duality result, (4.1) , (4.2a’)

is equivalent to

(u1 0 v1) + (u2 0 v2) - (u3 0 v3) — 0

and the same conclusion obtains, i.e., in (4.2b) , either
r((x1,x2,x33) or r(Cy1,y2,y3)) equals one, or all the Xj’S or
all the Yj ’5 are scalar multiples of each other if (4.2b)
is given.
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